
AIAA JOURNAL

Vol. 44, No. 5, May 2006

Dynamic Buckling of Functionally Graded Spherical Caps
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The dynamic behavior of functionally graded spherical caps under suddenly applied loads is studied by using
a three-noded axisymmetric curved shell element based on field consistency approach. The formulation is based
on first-order shear deformation theory, and it includes the in-plane and rotary inertia effects. Geometric nonlin-
earity is introduced in the formulation using von Kármán’s strain-displacement relations. The material properties
are graded in the thickness direction according to the power-law distribution in terms of volume fractions of the
constituents of the material. The effective material properties are evaluated using homogenization method. The
governing equations obtained are solved employing the Newmark’s integration technique coupled with a modified
Newton–Raphson iteration scheme. The load corresponding to a sudden jump in the maximum average displace-
ment in the time history of the shell structure is taken as the dynamic buckling pressure. The present model is
validated against the available isotropic cases. A detailed numerical study is carried out to bring out the effects of
shell geometries, power-law index of functional graded material, boundary conditions, and finite pressure pulse
with different duration on the axisymmetric dynamic buckling load of shallow spherical shells.

I. Introduction

T HE demand for improved structural efficiency in space struc-
tures and nuclear reactors has resulted in the development of

a new class of materials, called functionally graded materials1−3

(FGMs). FGMs are microscopically inhomogeneous, in which the
material properties vary smoothly and continuously from one sur-
face of the material to the other surface and thus distinguish FGMs
from conventional composite materials. Typically, these materials
are made from a mixture of ceramic and metal, or a combination
of different materials. Further, varying the properties in FGMs in a
continuous manner is achieved by gradually changing the volume
fraction of the constituent materials. The advantages of using these
materials are that they are able to withstand high-temperature gradi-
ent environment while maintaining their structural integrity and they
avoid the interface problem that exists in homogeneous composites.
Furthermore, a mixture of ceramic and metal with a continuously
varying volume fraction can be easily manufactured.4−6 Although
these materials are initially designed as thermal barrier materials
for aerospace structural applications and fusion reactors, they are
now employed for general use as structural elements for different
applications.7 For example, a common structural element for such
applications is the rectangular plate, for which several recent stud-
ies on static buckling, vibration, and dynamic behaviors have been
performed.8−12

Among various structural elements, shell elements, in partic-
ular, spherical shells form an important class of structural com-
ponents, with many significant applications in engineering fields.
These shells subjected to dynamic load could encounter deflections
of the order of the thickness of the shell. The dynamic response
of such shells can lead to the phenomenon of dynamic snapping
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or dynamic buckling. The investigation of such phenomenon based
on nonlinear dynamic analysis has received considerable attention
in the literature,13−18 and some of the important contributions are
discussed here.

Budiansky and Roth13 have employed the Galerkin method,
whereas Simitses14 adopted the Ritz–Galerkin procedure. A finite
difference scheme has been introduced in the method of solution
by Haung,15 Stephens and Fulton,16 and Ball and Burt,17 whereas
Stricklin and Martinez18 utilized a more efficient finite element pro-
cedure. The effect of geometric imperfections on the dynamic buck-
ling load, by employing buckling criterion based on the displace-
ment response, is investigated by Kao and Perrone19 and Kao20 based
on finite difference method, whereas recently Saigal et al.21 and Yang
and Liaw22 analyzed using finite element technique. The limited
studies available on axisymmetric dynamic buckling of single-layer
orthotropic shallow spherical shells are based on classical lami-
nation theory.23−25 Alwar and Sekhar Reddy23 have examined the
problem using the method of orthogonal collocation, whereas Chao
and Lin24 have obtained the critical loads based on the finite dif-
ference scheme, including the influence of geometric imperfection.
Recently, Ganapathi et al.25 have investigated the multilayered case
using the finite element approach.

Such studies pertaining to FGMs shell structures are mainly lim-
ited to thermal stress, deformation, and fracture analysis in the
literature.26−32 Makino et al.,26 Obata and Noda,27 and Takezono
et al.28 have investigated thermal stress of FGM shells, whereas the
disks and rotors have been examined based on analytical approach
by Durodola and Adlington29 and Oh et al.30 The elastoplastics
deformation of FGM shell is studied in the work of Dao et al.31

and Weisenbek et al.32 Few transient dynamic analysis of cracked
FGM structural components are also reported in the literature.33−35

Li et al.33,34 have analyzed the stress intensity factor of FGMs un-
der dynamic situation, whereas Zhang et al.35 studied the dynamic
responses of cracked FGM structural components. The vibration
and parametric instability analysis of functionally graded cylindri-
cal shells under harmonic axial loading have been carried out in
Refs. 36 and 37. It is important to be able to predict the dynamic
buckling strength of such FGMs shells. However, to the authors’
knowledge, work on the axisymmetric dynamic buckling behavior
of functionally graded material spherical shells is not commonly
available in the literature, and such study is immensely useful to the
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designers while optimizing FGMs shell structures under dynamic
loading.

In the present work, a three-noded shear flexible axisymmet-
ric curved shell element developed based on the field-consistency
principle25,38 is employed to analyze the dynamic buckling of func-
tionally graded spherical caps under externally applied pressure
load. Geometric nonlinearity is assumed in the present study us-
ing von Kármán’s strain-displacement relations. In addition, the
formulation includes in-plane and rotary inertia effects. The ma-
terial properties are graded in the thickness direction according to
the power-law distribution in terms of volume fractions of the con-
stituents of the material. The nonlinear governing equations derived
are solved employing Newmark’s numerical integration method in
conjunction with the modified Newton–Raphson iteration scheme.
The dynamic buckling pressure is taken as the pressure correspond-
ing to a sudden jump in the maximum average displacement in the
time history of the shell structure.13,39 The present formulation is
validated considering isotropic case for which solutions are avail-
able. Numerical results are presented considering different values
for geometrical parameter, power-law index, boundary conditions,
and rectangular/triangular pressure load of different duration on
the dynamic snap-through buckling behavior of functionally graded
spherical caps.

II. Formulation
An axisymmetric functionally graded shell of revolution (radius

a, thickness h) made of a mixture of ceramics and metals is consid-
ered with the coordinates s, θ , and z along the meridional, circum-
ferential, and radial/thickness directions, respectively, as shown in
Fig. 1. The materials in outer (z = h/2) and inner (z = −h/2) sur-
faces of the spherical shell are ceramic and metal, respectively. The
locally effective material properties are evaluated using homoge-
nization method that is based on the Mori–Tanaka scheme.40,41 The
effective bulk modulus K and shear modulus G of the functionally
gradient material evaluated using the Mori–Tanaka estimates40−42

are

K − Km

Kc − Km
= Vc

/[
1 + (1 − Vc)

3(Kc − Km)

3Km + 4Gm

]
(1)

G − Gm

Gc − Gm
= Vc

/[
1 + (1 − Vc)

(Gc − Gm)

Gm + f1

]
(2)

where f1 = Gm(9Km + 8Gm)/6(Km + 2Gm).
Here V is volume fraction of phase material. The subscripts m

and c refer the ceramic and metal phases, respectively. The volume
fractions of ceramic and metal phases are related by Vc + Vm = 1,
and Vc is expressed as

Vc(z) = [(2z + h)/2h]k (3)

where k is the volume fraction exponent (k ≥ 0).
The effective values of Young’s modulus E and Poisson’s ratio υ

can be found as from

E(z) = 9K G/(3K + G), υ(z) = (3K − 2G)/2(3K + G)
(4)

The locally effective heat-conductivity coefficient κ is given as43

(κ − κm)/(κc − κm) = Vc/{1 + (1 − Vc)[(κc − κm)/3κm]} (5)

Fig. 1 Geometry and the coordinate system of a spherical cap.

The coefficient of thermal expansion α is determined in terms of the
correspondence relation44

(α − αm)/(αc − αm) = (1/K − 1/Km)/(1/Kc − 1/Km) (6)

The effective mass density ρ can be given by the rule of mixture
as45

ρ(z) = ρcVc + ρm Vm (7)

By using the Mindlin formulation, the displacements at a point
(s, θ, z) are expressed as functions of the midplane displacements
u0, v0, and w, and independent rotations βs and βθ of the radial and
hoop sections, respectively, as

u(s, θ, z, t) = u0(s, θ, t) + zβs(s, θ, t)

v(s, θ, z, t) = v0(s, θ, t) + zβθ (s, θ, t)

w(s, θ, z, t) = w(s, θ, t) (8)

where t is the time.
Using von Kármán’s assumption for moderately large deforma-

tion, Green’s strains can be written in terms of middle-surface de-
formations as

{ε} =
{

εL
p

0

}
+

{
zεb

εs

}
+

{
εN L

p

0

}
(9)

where the membrane strains {εL
p }, bending strains {εb}, shear strains

{εs}, and nonlinear in-plane strains {εN L
p } in Eq. (9) are written

as46

{
εL

p

} =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∂u0

∂s
+ w

R
u0 sin φ

r
+ w cos φ

r

−v0 sin φ

r
+ ∂v0

∂s

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭

{εb} =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∂βs

∂s
+ ∂u0

R∂s
βs sin φ

r
+ u0 sin φ

Rr
∂v0

∂s

cos φ

r
+ ∂βθ

∂s
− βθ sin φ

r

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭

{εs} =

⎧⎪⎨⎪⎩
βs + ∂w

∂s

βθ − v0 cos φ

r

⎫⎪⎬⎪⎭ ,
{
εN L

p

} =

⎧⎪⎪⎨⎪⎪⎩
1

2

(
∂w

∂s

)2

0

0

⎫⎪⎪⎬⎪⎪⎭ (10)

where r , R, and φ are the radius of the parallel circle, radius of the
meridional circle, and angle made by the tangent at any point in the
middle surface of the shell with the axis of revolution.

If {N } represents the stress resultants (Nss , Nθθ , Nsθ ) and {M}
the moment resultants (Mss , Mθθ , Msθ ), one can relate these to
membrane strains {εp}( = {εL

p } + {εN L
p }) and bending strains {εb}

through the constitutive relations as

{N } =

⎧⎨⎩
Nss

Nθθ

Nsθ

⎫⎬⎭ = [Ai j ]{εp} + [Bi j ]{εb} (11)

{M} =

⎧⎨⎩
Mss

Mθθ

Msθ

⎫⎬⎭ = [Bi j ]{εp} + [Di j ]{εb} (12)
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where the matrices [Ai j ], [Bi j ], and [Di j ] (i, j = 1, 2, 6) are the
extensional, bending-extensional coupling, and bending stiffness
coefficients and are defined as

[Ai j , Bi j , Di j ] =
∫ h/2

−h/2

[Q̄i j ](1, z, z2) dz

Similarly, the transverse shear force {Q} representing the quantities
{Qsz, Qθ z} is related to the transverse shear strains {εs} through the
constitutive relations as

{Q} = [Ei j ]{εs} where Ei j =
∫ h/2

−h/2

[Q̄i j ]κiκ j dz (13)

Here [Ei j ](i, j = 4, 5) are the transverse shear stiffness coefficients
and κi is the transverse shear coefficient for nonuniform shear strain
distribution through the shell thickness. Q̄i j are the stiffness coeffi-
cients and are defined as

Q̄11 = Q̄22 = E(z)

1 − ν2
, Q̄12 = νE(z)

1 − ν2

Q̄16 = Q̄26 = 0, Q̄44 = Q̄55 = Q̄66 = E(z)

2(1 + ν)
(14)

where the modulus of elasticity E(z) is given by Eq. (4).
The strain-energy functional U is given as

U (δ) =
(

1

2

)∫
A

[{εp}T [Ai j ]{εp} + {εp}T [Bi j ]{εb}

+ {εb}T [Bi j ]{εp} + {εb}T [Di j ]{εb}

+ {εs}T [Ei j ]{εs}
]

dA −
∫

A

qw dA (15)

where δ is the vector of the degree of freedom associated with the
displacement field in a finite element discretization and q is the
applied external pressure load.

The kinetic energy of the shell is given by

T (δ) =
(

1

2

)∫
A

[
p
(
u̇2

0 + v̇2
0 + ẇ2

0

) + I
(
β̇2

s + β̇2
θ

)]
dA (16)

where

p =
∫ h/2

−h/2

ρ(z) dz, I =
∫ h/2

−h/2

z2ρ(z) dz

and ρ(z) is mass density that varies through the thickness of the
spherical shell and is given by Eq. (7). The dot over the variable
denotes derivative with respect to time.

Following the procedure given in the work of Rajasekaran and
Murray47 the potential energy functional U given in Eq. (15) is
rewritten as

U (δ) = {δ}T [(1/2)[KL ] + [(1/6)[N1(δ)]

+ (1/12)[N2(δ)]]{δ} + {δ}T {F} (17)

where [KL ] is the linear stiffness matrix, [N1] and [N2] are non-
linear stiffness matrices linearly and quadratically dependent on the
field variables, respectively, and {F} is the load vector. Substituting
Eqs. (16) and (17) in Lagrange’s equation of motion, the governing
equation for the shell is obtained as

[M]{δ̈} + [
[KL ] + 1

2 [N1(δ)] + 1
3 [N2(δ)]

]{δ} = {F} (18)

where [M] is the mass matrix.
Equation (18) is solved using the implicit method.48 In this

method, equilibrium conditions are considered at the same time
step for which solution is sought. If the solution is known at time
t and one wishes to obtain the displacements, etc., at time t + 
t ,

then the equilibrium equations considered at time t + 
t are given
as

[M]{δ̈}t + 
t + [[N (δ)]{δ}]t + 
t = {F}t + 
t (19)

where {δ̈}t + 
t and {δ}t + 
t are the vectors of the nodal accelerations
and displacements at time t + 
t , respectively. [[N (δ)]{δ}]t + 
t is
the internal force vector at time t + 
t and is given as

[[N (δ)]{δ}]t + 
t = ([[KL ] + (
1
2

)
[N1(δ)]

+ (
1
3

)
[N2(δ)]]{δ})t + 
t (20)

In developing equations for the implicit integration, the internal
forces [N (δ)]{δ} at the time t + 
t are written in terms of the internal
forces at time t , by using the tangent stiffness approach, as

[[N (δ)]{δ}]t + 
t = [[N (δ)]{δ}]t + [KT (δ)]t {
δ} (21)

where [KT (δ)]t = [[KL ] + [N1] + [N2]] is the tangent stiffness ma-
trix and {
δ} = {δ}t + 
t − {δ}t . Substituting Eq. (21) into Eq. (19),
one obtains the governing equation at t + 
t as

[M]{δ̈}t + 
t + [KT (δ)]t {
δ} = {F}t + 
t − [N (δ)]{δ}]t (22)

To improve the solution accuracy and to avoid numerical insta-
bilities, it is necessary to employ iteration within each time, thus
maintaining the equilibrium.

The nonlinear equations obtained by the preceding procedure
are solved by the Newmark’s numerical integration method. Equi-
librium is achieved for each time step through modified Newton–
Raphson iteration until the convergence criteria49 are satisfied within
the specific tolerance limit of less than 1%.

III. Dynamic Buckling Criterion
Criteria for the static buckling of axisymmetric shallow spherical

shells are well defined, whereas it is not so for the dynamic case.
It requires the evaluation of the transient response of the shell for
different load amplitudes. However, the dynamic buckling criterion
suggested by Budiansky and Roth13 is generally accepted because
the results obtained by various investigators by different numerical
techniques using the criterion are in reasonable agreement with each
other. This criterion is based on the plots of the peak nondimensional
average displacement in the time history of the structure with respect
to the amplitude of the pressure load (e.g., inserted figure in Fig. 2).
The average displacement 
 is defined as


 =
∫ a

0
rw dr∫ a

0
r Z dr

(23)

Fig. 2 Average displacement vs nondimensional time for clamped
FGM spherical cap (λ= 6, k = 1.0).
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The numerator is the volume generated by the shell deformation,
and the denominator corresponds to the original volume under the
spherical cap. Z is the height of any point on the middle surface
of the shell measured from the base. There is a load range where a
sharp jump in peak average displacement occurs for a small change
in load magnitude. The inflection point of the load-deflection curve
is considered as the dynamic buckling load.

IV. Element Description
The axisymmetric three-noded curved shell element used here is a

C0 continuous shear flexible one and has five nodal degrees of free-
doms. If the interpolation functions for three-noded element are used
directly to interpolate the five field variables u0, v0, w, βs , and βθ

in deriving the transverse shear and membrane strains, the element
will lock and show oscillations in the shear and membrane stresses.
Field consistency requires that the membrane and transverse shear
strains must be interpolated in a consistent manner. Thus, the βs

term in the expression for {εs} given in Eq. (10) has to be consistent
with field function ∂w/∂s as shown in the works of Prathap and
Ramesh Babu.38 Similarly, the w and (u0, v0) terms in the expres-
sion of {εL

p } given in Eq. (10) have to be consistent with the field
functions ∂u0/∂s and ∂v0/∂s, respectively. This is achieved by us-
ing the field redistributed substitute shape functions to interpolate
those specific terms that must be consistent as described in Refs. 25
and 38. The element derived in this fashion behaves very well for
both thick and thin situations and permits the greater flexibility in
the choice of integration order for the energy terms. It has good
convergence and no spurious rigid modes.

V. Results and Discussion
In this section, we use the preceding formulation to investigate

the effect of parameters like gradient index, geometric shell param-
eter, and boundary condition on the dynamic buckling pressure of
functionally graded spherical caps subjected to externally applied
pressure load. Because the finite element used here is based on
the field consistency approach, an exact integration is employed to
evaluate all of the strain-energy terms. The shear correction factor,
which is required in a first-order theory to account for the variation
of transverse shear stresses, is taken as 5

6 . For the present analysis,
based on progressive mesh refinement, 15-element idealization is
found to be adequate in modeling the spherical caps. For the sake
of brevity, these studies are not reported here. The initial conditions
for obtaining the nonlinear dynamic response are assumed as zero
values for the displacements and velocities. From the dynamic re-
sponse curves, the load amplitudes and the corresponding maximum
average displacements are obtained for applying the buckling crite-
ria. The constants α and β (controlling parameters for stability and
accuracy of the solution) in the Newmark’s integration are taken as
0.5 and 0.25, which correspond to the unconditionally stable scheme
in the linear analysis. Because there is no estimate of the time step
for the nonlinear dynamic analysis available in the literature, the
critical time step of a conditionally stable finite difference scheme50

is introduced as a guide, and a convergence study was conducted to
select a time step that yields a stable and accurate solution.

Figure 3 shows the variation of the volume fractions of ceramic
in the thickness direction z for the FGM spherical cap. The outer
surface is ceramic rich, and the inner surface is metal rich. The
FGM spherical shell considered here consists of silicon nitride
(Si3N4) and steel (SUS304). The Young’s modulus, conductivity,
and the coefficient of thermal expansion for silicon nitride are51

Ec = 348.43 Gpa, Kc = 9.19 W/mK, and αc = 5.8723 × 10−6 1/◦C,
and for steel they are Em = 201.04 Gpa, Km = 12.04 W/mK, and
αm = 12.33 × 10−6 1/◦C, respectively. The spherical shell is of uni-
form thickness and boundary conditions considered here are as
follows.

Simply supported:

u = v = w = 0, βr �= βθ �= 0 on r = a

Clamped support:

u = v = w = βs = βθ = 0 on r = a

Fig. 3 Variation of volume fraction of ceramic through thickness.

Results of nondimensional dynamic pressure Pcr are presented
for functionally graded spherical caps for different values of the
geometrical parameter λ. Pcr and λ are defined as

Pcr = 1
8 [3(1 − ν2)]

1
2 (h/H)2

(
qa4

/
Ech4

)
λ = 2[3(1 − ν2)]

1
4 (H/h)

1
2

Here H , a are the central shell rise and base radius, respectively. For
the chosen shell parameter and power-law index of FGM, the dy-
namic buckling study is firstly conducted for step loading of infinite
duration. The length of response calculation time

τ

[
=

√
Eefh2

12(1 − ν2)ρefa4
t

]
in the present study is varied between 1 and 2 with the criterion
that in the neighborhood of the buckling τ is large enough to allow
deflection-time curves to develop fully:

Eef

[
=

(
1

2

)∫ h/2

−h/2

E(z) dz

]
corresponds to effective modulus of corresponding gradient in-
dex. The time step selected, based on the convergence study, is
δτ = 0.002. The value selected for τ and δτ is of the same order as
that of available in the literature.17,20

Before proceeding to the dynamic buckling characteristics of
FGM cases, the formulation developed herein is simplified for pure
metallic case and validated against the available clamped isotropic
spherical shells subjected to uniform external pressure of infinite
duration. Figure 2 highlights the typical nonlinear axisymmetric dy-
namic response history with time for the functionally graded spher-
ical shell parameter (λ = 6, a/h = 400, and k = 1), considering dif-
ferent externally applied pressure loads. Further, using such plots,
the variation of maximum average displacement with applied load
obtained is also highlighted as an insert in Fig. 2 for predicting the
critical load. It is seen that there is a sudden jump in the value of the
average displacement when the external pressure reaches the value
Pcr = 0.6063 for the shell considered here. The dynamic buckling
values obtained in this manner for isotropic spherical caps (k = 1) are
presented in Fig. 4 along with those of available analytical results,15

and they are found to be in very good agreement.
Next, the detailed investigation for dynamic buckling of clamped

functionally graded spherical caps is carried out for different geo-
metrical parameters and material power-law index. The evaluated
results are shown in Fig. 5. It is revealed from this figure that, with
the increase in power-law index k, the critical buckling pressure
decreases, irrespective of shell geometrical parameter. This is at-
tributed as a result of the stiffness reduction caused by the increase
in the metallic volumetric fraction and the introduction of different
stiffness couplings caused by elastic properties’ variation through
the thickness of FGM shell. The rate of decrease in the critical dy-
namic load is high with the increase in power-law index k up to 1,
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Fig. 4 Comparison of axisymmetric nondimensional critical dynamic
pressure for clamped isotropic (k = 0) spherical cap.

Fig. 5 Variation of nondimensional critical dynamic pressure against
shell geometry parameter (λ) of clamped FGM spherical cap.

and further increase in k leads to less reduction in Pcr, especially,
for very shallow or deep shell cases. This is possibly caused by the
existence of strong stiffness couplings when 0 < k < 1, wherein the
effective elastic properties values are high compared to the cases
with k > 1. Furthermore, it is seen that the variation of buckling
load of FGM shells is qualitatively similar to those of isotropic
case. Figure 6 depicts the behavior of critical dynamic pressure of
FGM shell pertaining to simply supported case. The decrease in
critical values with power-law index is somewhat similar to those of
clamped case. However, it is inferred that, unlike clamped case, the
variation of buckling load geometric shell parameter is qualitatively
different for FGM case while comparing with those of isotropic
shells. For low values of geometrical parameter (λ < 3), the average
displacement increases gradually with increase in load, indicating
the absence of sudden jump in amplitude with pressure. For the sake
of brevity, these studies are not reported here. Such a shell might
fail because of material failure.

Fig. 6 Variation of nondimensional critical dynamic pressure against
shell geometry parameter (λ) of simply supported FGM spherical cap.

Fig. 7 Influence of pulse duration on the dynamic critical load of sim-
ply supported FGM spherical cap.

The influence of different finite pressure pulse on the dynamic be-
havior FGM shell considering a simply supported one with λ = 5 is
investigated for different power-law index and is presented in Fig. 7.
It is observed from this figure that the critical load decreases with
the increase pulse duration. It is further observed that the dynamic
buckling load increases rapidly with decrease in pulse duration τ0

and is in fact infinitely large for ideal impulse (P → ∞ as τ0 → 0).
As the τ0 increases, the buckling load approaches asymptotically
corresponding to a pulse of infinite duration. Further, the triangle
pulse considered here results in a higher buckling load compared to
the rectangular case, as can be expected.

VI. Conclusions
Axisymmetric dynamic buckling analysis of functionally graded

spherical caps subjected to externally applied pressure has been
investigated through transient dynamic response. A three-noded ax-
isymmetric curved shell element based on the field consistency prin-
ciple has been employed for this purpose. Numerical results obtained
here for an isotropic case are found to be in good agreement with
the previous studies. From the detailed study, it is observed that the
lowest dynamic critical buckling pressure of a spherical cap sig-
nificantly depends on the value of material power-law index and
boundary conditions, apart from the geometric shell parameter. It is
also observed that the critical buckling pressure depends on the pulse
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duration. It is hoped that this study will be useful for the designers
while optimizing the FGMs based shell structures under externally
applied dynamic loads.
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